We present theoretical and experimental study of resonant Brillouin scattering of excitonic polaritons in one-dimensional multiple-quantum-well structure. We obtain general analytical results for the scattering light spectra, valid for arbitrary quantum well arrangement. Application of our theory to the specific case of short-period superlattice shows a perfect quantitative agreement with experimental results for the height, width and position of the Brillouin scattering peaks and allows us to determine the energy, radiative and nonradiative decay rates of quantum well excitons. We reveal the signatures of excitonic polariton formation in the scattering spectra and show, that the spectral width and height are strongly sensitive to the number of wells in the sample.
I. INTRODUCTION
Excitonic polaritons play a major role in the optical properties of semiconductors at the energies close to the optically active interband transitions. As demonstrated by Hopfield, excitons are strongly coupled to photons and form mixed excitations propagating in bulk materials, with infinite lifetimes in the absence of defects. 1 Resonant optical experiments such as reflectivity and transmission have been widely used to study excitonic polaritons in bulk semiconductors. The physics of excitonic polaritons has been fully reconsidered in the context of semiconductor multilayers. Both cavity polaritons in photonic microcavities 2 and polaritons in Bragg multiple quantum wells 3, 4 have attracted a large amount of work. Particularly, considerable progress in theory, [5] [6] [7] [8] [9] realization, and optical studies [10] [11] [12] [13] [14] [15] [16] [17] has been achieved over the last decade, see also the review [18] .
Brillouin scattering of polaritons on acoustic phonons has been demonstrated as a unique tool to directly determine the polariton dispersion in bulk material in the vicinity of the Rabi gap. 19, 20 The fundamental problem of polariton-mediated inelastic light scattering has been investigated for a long time. [21] [22] [23] [24] [25] Within the polariton point of view, the inelastic scattering process has been often described as the transformation of a photon at the surface of the solid into a polariton of the same energy, the propagation and scattering of the latter within the solid, and the final propagation and conversion of the scattered polariton into an external photon again at the material boundary. No clear evidence of a specific polariton signature in the resonant Raman cross section could be obtained based on the experimental results on bulk samples available at that time. Bulk excitonic polaritons also present specific theoretical difficulties due to spatial dispersion.
More recently, polariton scattering by optical phonons in microcavities has been extensively studied and the polariton mediation of light scattering has been clearly evidenced based on the in plane dispersion of cavity polaritons and successfully described using the factorization approach introduced previously. 26, 27 This work has been recently extended to acoustic phonons in a double acoustic photonic cavity. 28 Brillouin scattering in multiple quantum wells is likely to display unique properties as compared to what applies to bulk semiconductors. Acoustic phonons are folded due to the periodic modulation of the acoustic properties in superlattices. 29 Several acoustic modes hence become available for polariton scattering with the energies well above the single Brillouin active acoustic mode in bulk materials. Light scattering intensity by folded phonons in superlattices has been theoretically described based on standard photon scattering in the presence of a modulated photoelastic coefficient. 30 He et al 31 later have taken account the modulation of the refractive index between the two materials constituting the superlattice to predict some specific features when the period equals half the scattered wave length. More recently, a form factor has been introduced to describe acoustic light scattering in strong resonance with quantum well excitons 32 and relative intensities of folded acoustic modes have been shown to be governed by their overlap with confined excitons wavefunctions, leading to strong variations with the exciton confinement index. Resonant scattering with dispersive exciton polaritons has never been considered theoretically up to now.
Moreover, as the excitons are confined in quantum wells, their inter-well tunneling is strongly suppressed. Contrary to the bulk case, they do not display any dispersion along the superlattice axis. Thus, the dispersion of polaritons in multi-quantum well structure arises only due to the radiative coupling between isolated quantum wells. This system provides a model realization of the ideal Hopfield polariton.
Resonant Brillouin scattering of polaritons in GaAs/AlGaAs multiple quantum wells with the period below the polariton Bragg condition has been recently experimentally investigated. 33 Both polariton dispersion and damping have been obtained with a high accuracy. An agreement with a polariton dispersion in a simple Hopfield model in the long wavelength approximation was demonstrated. However, the nontrivial spectra of scattering intensity, as well the effect of the finite structure length on position and width of scattering peaks appears to be beyond that simple model. Explanation of these effects calls for a full theoretical description of the scattering process between incoming and outgoing polariton. We present in this paper such a theory, and we demonstrate its excellent quantitative agreement with experimental data. We reproduce the dependence of the scattering peak height on the incident light energy and explain its three-peak shape with narrow dips at the exciton resonance frequencies. We also show how the scattering spectra depend on the number of quantum wells in the structure and demonstrate the transition from the single exciton regime to the polariton regime.
The rest of the paper is organized as follows. Sec. II outlines the theoretical approach. Sec. III presents the discussion of the calculated results as well as their comparison to the experimental spectra. Main paper results are summarized in Sec. IV.
II. MODEL
We consider the structure with N quantum wells, embedded in the infinite matrix with the dielectric constant ε b , see Fig. 1 . The dielectric contrast between the wells and the barriers is neglected. Light is normally incident upon the structure at the frequency ω i . We are interested in the intensity of the wave at the frequency ω s , scattered back due to the interaction with phonons. We assume that the interwell spacing is large enough so that the quantum-mechanical tunneling of the excitons between adjacent wells can be neglected. The exciton-phonon interaction is introduced by the deformation potential mechanism. 34 The polarization P j of the j-th quantum well is described as an oscillator with the deformationdependent frequency variation ǫ(t),
Here, ω 0 is the exciton resonance frequency, Γ and Γ 0 are exciton nonradiative and radiative decay rates, ξ = ... cn b /(2πω 0 a) is a dimensionless parameter describing the overlap between the electric field and the exciton in the quantum well, a is the quantum well width, E (ext) j is the external field that drives the polarization in the j-th well and is given by a sum of the incident wave field E (0) (t, z j ) and the field of the waves emitted from all other wells,
The exciton frequency variation ǫ(t) due to the interaction with longitudinal acoustic phonons is given by
Here, Ω k is the phonon frequency, a k and a † k are the phonon annihilation and creation operators. The summation runs over the phonon wave vectors k, normal to the wells. In the superlattice, the phonon modes are folded, and the band gaps are formed [ Fig. 2a ]. We are interested in the wave vector regions well separated from the superlattice Brillouin zone edges. In this case, we can assume the linear dispersion law Ω k = s|k| with s being the speed of sound and the wave vector k defined within the bulk Brillouin zone. The exciton-phonon interaction matrix element reads
where Ξ ν is the deformation potential constant for subband ν and Φ ν is the corresponding wavefunction. Equations (1)-(3) completely describe the coupled system of photons, phonons and excitons. Their solution should be viewed as an operator acting in the phonon space. Our goal is to find the scattered light intensity at the frequency ω s , averaged over the phonon distribution. To this end, we start with a Fourier transformation of Eq. (1) with respect to the time t. The result in the frequency domain assumes the form
where q(ω) = ωn b /c is the light wave vector corresponding to the frequency ω and the potential V j describes the exciton-phonon interaction,
In order to find the scattered light intensity we solve Eq. (5) assuming that the exciton-phonon interaction is weak and using the perturbation theory. The Fourier component of the electric field of the incident monochromatic wave with the frequency ω i reads E (0)
The incident electric field induces the polarization in the j-th quantum well
where G jl (ω) is the Green function of the unperturbed Eq. (5), defined from the matrix equation
(8) Polarization Eq. (7) oscillates at the same frequency as the initial wave and describes coherent response, such as reflection and transmission. Interaction with the acoustic phonons induces the polarization at the shifted frequency ω s = ω i ,
where
is given by Eq. (6) with P j (ω) replaced by P (0) j (ω) from Eq. (7). The phonon-induced polarization Eq. (9) radiates into the scattered wave
The scattered light spectrum is given by
where the angular brackets denote the averaging over the phonon distribution and E s (t) =
Substituting Eqs. (7)- (10) 
n k = a † k a k is the average number of phonons with wave vector k and S(ω s , ω i ; k) is the scattering factor,
We used here the reciprocity of the Green function,
, and the Green function definition Eq. (8) with j = 1. Equation (12) describes the scattered light spectra in the general case of arbitrary positions of the quantum wells. Below we use this result for the case when the Green function can be written out in an explicit form. We consider the periodic structure with the period d, z j = (j − 1)d. Then the Green function has the form
2 sin qd/ sin Qd, and Q is the polariton wave vector defined by 36 cos Qd = cos qd − χ sin qd .
This simplifies the expression for the structure factor Eq. (14) to
is the single quantum well reflection coefficient.
In the case of short-period superlattice, |q(ω 0 )d| ≪ 1, relevant to the experimental data discussed in Sec. III, the polariton dispersion relation Eq. (16) can be simplified and reduces to the effective medium approximation,
where the effective longitudinal-transverse splitting is given by ω LT = 2Γ 0 / sin q(ω 0 )d. Using the Green function Eq. (15) we arrive to the final expression for the scattered light intensity,
and
Eq. (19) has been derived assuming that the phonon energy is much less than the temperature T , so thatn k ∼ T /( Ω k ) ≫ 1. This assumption is valid for experimental conditions of Ref. [33] , performed at T = 80 K with typical phonon energies less than 1 meV. The structure of Eq. (19) can be understood as follows. The factors A(ω) describe the propagation of incident and scattered waves inside the system. The quantity B(ω i , ω s , k) in Eq. (21) is the structure factor for the scattering of polaritons with emission/absorption of the phonon with the wave vector k. First term in Eq. (21) describes direct scattering, when the scattered polaritonic wave propagates oppositely to the incident one. Remaining three terms correspond to the scattering on the phonon combined with the polariton reflection from the structure boundary. In case of the infinite structure these three terms vanish while the quantity |∆(Q)| 2 reduces to the δ-function, reflecting the (quasi)momentum conservation law,
In the structure with finite number of wells N the momentum conservation law is relaxed, and the δ-function in Eq. (23) is replaced by the peak of finite width of the order π/(N d).
III. RESULTS AND DISCUSSION
In this section we apply our general theory of Brillouin light scattering in quantum well structures to the case of short-period sample with the period d = 24.6 nm and N = 40 wells, studied before in Ref. [33] . In the calculations we use the parameters s = 5×10 5 cm/sec, ε b = 11.8, Γ = 0.17 meV, Γ 0 = 39 µeV, ω 0 = 1.52565 eV, that provide the best fit of the experimental data presented in Sec. III B.
A. Overview of the scattering map
From the general expression for the scattered light intensity Eqs. (19)- (22) it follows that for a given incident light frequency ω i the maximum of the scattered light spectrum in long enough structures should correspond to the frequency ω s that fulfills the conservation law for momentum, Re Q i + Re Q s ± k = 2pπ/d, where k is the phonon wave vector fixed by the energy conservation law |ω s − ω i | = Ω k = s|k|, and p is an arbitrary integer that specifies the branch of folded phonons. Figure 2(a) shows a graphical solution of the equations corresponding to the conservation laws. We are interested in small values of the parameter p, where the scattering is more intense. We consider three cases, marked as LA, FLA1 and FLA2; the conservation laws then assume the form
(24) Figure 2 shows the color map of the dependence of the anti-Stokes scattering intensity on the incident and scattered photon energies. The incident photon energy is chosen to be close to the exciton resonance frequency ω 0 while that of the scattered photon is varied near the frequencies corresponding to scattering on LA, FLA1 and FLA2 phonon modes, see panels (d), (c), and (b) in Fig. 2, respectively .
In order to find the frequency ω s that fulfills the conservation laws, and thus realizes the maximum of the scattered light spectra, we solve Eq. (24) iteratively. First we neglect the exciton contribution to the polariton dispersion assuming Q(ω) = n b ω/c. This allows us to obtain the valueΩ of the bulk Brillouin shift |ω s − ω i | that is valid far from the exciton resonance,
Equation (25) describes the exciton-independent contribution to the Brillouin shift. In Fig. 2(a) -(c) we plot two approximations to the Brillouin shift, that take exciton into account. The first one corresponds to the terms Q i + Q s in Eq. (24) estimated as 2Q i and is shown by the dashed curves. The second one, shown by the dotted curves, corresponds to Q i + Q s replaced by 2Q s = 2Q(ω i +Ω) and can be obtained shifting the first one by the frequencyΩ along the horizontal axis. These two approximations serve as constraints of the scattering intensity. The most intense scattering takes place in the areas of the map bounded by these two curves. For LA case the bulk Brillouin shiftΩ is smaller than the exciton resonance width and these curves nearly coincide, so the dependence of the maximum position on the initial wave frequency exhibits one resonance. For the FLA1 and FLA2 scattering the shiftΩ is significant and two resonances, the incident one and the scattered one, can be clearly distinguished.
Position of the scattering spectra maximum for given incident frequency ω i is close to the half-sum of the two curves, i.e. it can be well approximated substituting Q s = Q(ω i ±Ω) into the expression for the Brillouin shift Eq. (24); here plus and minus correspond to antiStokes and Stokes processes, respectively, and the polariton wave vector is determined from Eqs. (16) , (18) .
B. Comparison to experimental data
For each value of the incident photon energy ω i the Brillouin scattering intensity as a function of the scattered energy ω s has a single peak, see right panels in Figs. 2(b)-(d) . This peak is characterized by its position (i.e., Brillouin shift), full width at half-maximum, and its height. Figure 3 presents the comparison of the experimental (points) and fitted theoretical (curves) dependences of these three parameters on the incident energy ω i . The best fit has been obtained for the parameters indicated in the beginning of Sec. III. In the fit we neglected the dependence of the factor Y k on k within a given phonon branch. In order to describe experimental peaks peak height spectra the ratio of the factors Y k between the phonon branches was taken to be Y LA : Y FLA1 : Y FLA2 = 1 : 0.8 : 0.3. This agrees well with the approximation of rectangular quantum well with infinitely high barriers and the width equal to 17 nm that yields the ratio 1 : 0.7 : 0.4.
The presented data are slightly different from those published in Ref. 33 due to the improvement of the temperature stabilization at 70 K and of the resolution of the spectrometer. Raman spectra have been obtained with a high resolution Jobin Yvon U1000 double spectrometer equipped with a low noise CCD multichannel detector. As emphasized in Ref. 33 , the resonance is so strong that both Brillouin lines and the Rayleigh line at the laser frequency could be measured without spectral filtering and using the same time of integration. As in Ref. 33 , we used a Coherent MBR 110-PS single line Ti-Sapphire tunable laser with a negligible linewidth below 5 MHz and stability of the order of 0.01 cm −1 over long periods. With an entrance slit of 20 µm, the laser line had a full width at half maximum of 0.11 cm −1 giving the resolution of the system. The sample was mounted on the cold finger of a Helium circulation cryostat with a temperature stability of around 10 −2 K over hours of experiment. This stability appeared to be critical to avoid fluctuations of the exciton energy during the full measurement of the resonance curve. The incident power was kept as low as possible and measurements have been done with 3 µW focalized with a 14 cm focus lens. Figures 3(a) -(c) show dependence on the incident frequency of the Brillouin shift, deduced as a position of the maximum in the scattered light spectrum. In agreement with the above theory it has two resonances, corresponding to the incident and the scattered polaritons, that are split by the value bulk Brillouin shiftΩ given by Eq. (25) . This resonances merge in the LA case and are well-resolved in FLA1 and FLA2 cases. One can see a perfect agreement of theory and experiment.
The dependence on the incident frequency of the scattering peak width is shown in Figs. 3(d)-(f) . The spectrum has two peaks, corresponding to the resonances in the Brillouin shift spectra. The peak width values are due to the polariton absorption and can be roughly estimated as 4s Im Q(ω 0 ) ≈ 0.7 cm −1 . 33,37 Experimental peak width is systematically larger than the calculated one that can be explained by the finite resolution of the experimental setup. Importantly, both experimental and theoretical values of the width do not tend to zero at large detuning from the resonance, but reach a plateau instead. This plateau is the effect of the finite size of the structure. Corresponding background value of the width is approxi- mately given by 2sδQ ≈ 0.16 cm −1 , where δQ = π/(N d) is the wave vector uncertainty due to the finite size of the system. The explanation of this plateau presents an advantage of the current approach over the model of an infinite structure used in Ref. 33 . A more detailed discussion of the peak width spectra for structures with different number of quantum wells is given in Sec. III C.
Figures 3(g)-(i) present the dependence of the scattering peak height on the incident frequency. The peak height spectra anticorrelate with the peak width spectra, cf. panels (g)-(i) and (d)-(f). This is because the scattering peak height is at maximum when the polariton absorption is small, which corresponds to the minima of peak width spectra. As a result, there are three peak height maxima located around the two resonances for initial and scattered waves. These maxima are hardly distinguishable for LA mode and well resolved for the FLA1 and FLA2 modes. The three-peak structure of the peak height spectra is beyond the simplified approach of Ref. [33] and, as shown is Sec. III C, originates from the polariton formation.
C. Dependence on damping and finite size effects
In this section we discuss the physical meaning of the observed resonant behavior with the help of a further analysis of the effects of exciton non-radiative damping Γ and of a finite number of wells N on the calculated quantities. Nonradiative damping is a key mechanism limiting the formation of polaritons and governing the amplitude and the width of the peculiarities at the exciton resonance energy in the real and imaginary parts of the polariton dispersion. We describe the experimental data with a remarkably small damping parameter, Γ = 0.17 meV. Our model allows us to investigate how critical this value is for the determination of the quantities relevant to the polariton scattering. Figure 4 shows the Brillouin shift (a,b), scattering peak width (c,d) and height (e,f) of FLA1 (a,c,e) and FLA2 (b,d,f) anti-Stokes scattering for four different values of Γ. As expected, smaller values provide more structured spectra: the oscillations of the Brillouin shift become steeper, the peaks in the linewidth become higher and narrower while the dips in the intensity become deeper. For the smallest value of Γ = 0.05 meV ∼ Γ 0 , an additional dip appears in the central maximum. On the other hand, for Γ = 0.3 meV, less than twice the value relevant to our experiment, all the spectral features are masked. This emphasizes importance of high quality samples to get by resonant Brillouin scattering a clear evidence of polariton formation.
We show in Fig. 5 how the dependence on incident frequency of the FLA2 anti-Stokes scattering peak height calculated with Γ = 0.17 meV varies with increase of the structure length. While the main part of the presents the normalized peak height spectra, the inset shows the dependence of the maximal peak height on N , i.e., the maximum value of scattering intensity. The intensity monotonously increases with N . For very small N , the growth is quadratic in N . In this case the sample thickness is smaller than the light wavelength. Hence, the waves scattered from different wells are in phase and R ∝ |∆(0)| 2 ∝ N 2 , see Eqs. (19) , (21) . At large N the intensity saturates because the sample thickness becomes larger than the attenuation length of the polaritons, which is finite due to the exciton absorption and due to the polariton stop-band formation.
For N = 1, the curve has two maxima, corresponding to coincidence of the energies of incident or scattered photon with the energy of exciton in the single well. With increase of the quantum well number N , some dips appear in outer sides of the two peaks (N = 10) and become more and more pronounced. The internal sides of the two peaks merge into a single larger structure at the central energy (N = 20). At larger N , the spectrum assumes a three-peak form. A striking consequence of this evolution is that the scattering minima appear at the frequencies of the exciton resonances ω 0 and ω 0 −Ω, reflecting emergence of a polariton gap at the exciton resonance energy. Thus, the three-peak spectrum in this case is a specific consequence of the polariton formation while a two-peak spectrum corresponds to an exciton resonance in a single well. Coming back to Fig. 4 , corresponding to a number of QWs in the polariton regime, it becomes clear that increasing the damping washes out the features associated with the polariton formation: the gap becomes less pronounced while the variations of both the Brillouin shift and the linewidth broaden. For the smallest shown damping Γ = 0.05 meV, an additional dip appears in the intensity curve for FLA2. In this case, the separation between the polariton gap structures related to the incoming and outgoing resonances becomes larger than Γ and these features are spectrally separated. The distortion of the linewidth peaks for small Γ, Figs. 4(c),and (d) is due to the fact that the scattering peak shape deviates from Lorentzian and peak width can not be straightforwardly defined.
Another interesting prediction of our model is the asymmetry between the peak width maxima corresponding to the resonances of incident and scattered light, cf. left and right peaks in Figs. 4(c) and (d). While the peak corresponding to the incident wave resonance is the same for all situations, the one corresponding to the scattered wave resonance is either larger or smaller depending on the phonon branch [cf. Figs. 4(c) and (d), corresponding to FLA1 and FLA2 cases], and on whether it is Stokes or anti-Stokes process [cf. magenta lines/red circles and blue lines/black triangles in Fig. 3(e) ]. This asymmetry becomes very large for small values of Γ and remains observable in some of the experimental data, see Fig. 3(e) . The effect cannot be explained by the simplified model of Ref. 33 and looks surprising at a first sight owing to the identical contributions of the incident and scattered waves into the conservation laws Eq. (24) . The asymmetry originates from the fact that the scattering process depends on the joint density of states of the relevant phonon branch and the scattered polariton [that changes when the slope of the phonon branch is inverted either going from FLA1 to FLA2, see Fig. 2(a) , or from antiStokes to Stokes component], but does not depend on the density of states of incident wave. Particularly, in long enough structures the scattering spectrum is governed by the term ∆(Q i + Q s + k) in Eq. (21) . Analysis of this term yields the following approximate analytical expression for the scattering peak width as a function of the incident photon energy,
Here, ω s should be found from the conservation laws and can be approximated as ω s = ω i ±Ω, the upper (lower) sign corresponds to the anti-Stokes (Stokes) scattering, parameter η determines the slope of phonon branch and equals to +1 for LA and FLA2 scattering and to −1 for FLA1 scattering. The dimensionless parameters γ 1 and γ 2 are determined approximating the half width at half maximum of |∆(K)| 2 as a function of Re K by (γ 1 /dN ) 2 + (γ 2 Im K) 2 . Best agreement with the exact calculation is obtained for γ 1 ≈ 6 and γ 2 ≈ 2.
The numerator of Eq. (26) shows two contributions to the scattering peak width, describing the relaxation of the momentum conservation law due to the finite size of the structure (∝ γ 1 ) and due to the exciton absorption (∝ γ 2 ). The asymmetry between the incoming and outgoing resonances in the width spectrum stems from the denominator of Eq. (26) , that is sensitive to the relative slope of the phonon and polariton dispersion curves.
IV. SUMMARY
To summarize, we have developed a theory of the Brillouin scattering of excitonic polaritons in the multiplequantum-well structure. Analytical results for the scattered light spectrum as function of the incident light frequency and quantum well parameters have been obtained.
The theory has been applied to describe the scattering experiment for the superlattice, where the period is short as compared to the light wavelength. The results are in perfect quantitative agreement with experimental data. We demonstrate, that the Brillouin shift spectrum follows from the exciton-polariton dispersion law in the infinite superlattice, and weakly depends on the structure length. However, the width of the scattering peak is strongly sensitive to the number of quantum wells. It is contributed by the exciton nonradiative damping and the uncertainty in the scattered polariton wave vector in the structure of finite length. The calculations reveal pronounced asymmetry between the two maxima in the scattering peak width spectrum, corresponding to the exciton resonances for incident and scattered waves. The asymmetry, stemming from the finite ratio of the sound speed and the polariton group velocity, differs for Stokes and anti-Stokes scattering and depends on the used folded phonon branch. The scattered intensity spectrum also qualitatively varies with structure length. While for a small number of quantum wells it has two peaks, corresponding to the incident and scattered resonances in single quantum wells, in long structures the spectrum has a three-peak form, that reflects formation of collective exciton-polaritonic modes.
The developed general theory of Brillouin scattering in multiple-quantum-well structures can be easily applied to Bragg periodic and aperiodic superlattices with interwell distances comparable with the light wavelength, provided that such demanding structure becomes sufficiently mature in terms of molecular beam epitaxy and available for Brillouin scattering experiments.
